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Abstract
Noncommutative (NC) gravity is constructed on the canonical noncommutative
(Moyal-Weyl) space-time as a noncommutative SO(2, 3)⋆ gauge theory. The NC
gravity action consists of three different terms: the first term is of Mac-Dowell
Mansouri type, while the other two are generalizations of the Einstein-Hilbert
action and the cosmological constant term. The expanded NC gravity action is
then calculated using the Seiberg-Witten (SW) map and the expansion is done
up second order in the deformation parameter. We analyze in details the low
energy sector of the full model. We calculate the equations of motion, discuss their
general properties and present one solution: the NC correction to Minkowski space-
time. Using this solution, we explain breaking of the diffeomorphism symmetry
as a consequence of working in a particular coordinate system given by the Fermi
normal coordinates.
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1 Introduction
General Relativity (GR) and Quantum Field Theory (QFT) are leading theories in
modern physics. General Relativity successfully describes gravity phenomena from
millimeter scale to cosmic scale [1]. On the other hand, Quantum Field Theory re-
markably well describes physics at scales from atomic to elementary particle scale [2].
However, a theory that unites these two theories and provides a description of grav-
ity at quantum scales is still missing. One attempt to construct such a theory is the
approach of noncommutative (NC) geometry and noncommutative space-time.
During the last twenty years there has been an ongoing effort to try to construct con-
sistent NC gravity models. These models rely on the notion of NC space-time and/or
noncommutative geometry and in a certain limit they reduce to General Relativity.
One of the main problems in this approach is breaking of diffeomorphism symmetry of
General Relativity. Namely, in most of NC gravity models the diffeomorphism sym-
metry, or at least a part of it, is broken and one needs to understand this breaking and
the remaining symmetries (if any). In the following we mention some models of NC
gravity. NC gravity via the twist approach [3] is based on the twisted diffeomorphism
symmetry. One can write NC Einstein-Hilbert action, derive equations of motion and
analyze some particular solutions based on the Killing or semi-Killing twist [4]. How-
ever, the full meaning of the twisted symmetry remains to be understood better [5]. In
emergent NC gravity models dynamical quantum geometry arises from NC gauge the-
ory given by Yang-Mills matrix models [6]. There are also fuzzy space gravity models
and DFR models [7]. Finally, NC gravity can be formulated as a NC gauge theory of
Lorentz or (A)dS group using the enveloping algebra approach and the Seiberg-Witten
(SW) map [8, 9]. In this approach fermions are easily coupled to gravity and it is
straightforward to formulate NC supergravity models [10]. Recently, the SW map ap-
proach was related to NC gravity models via the Fedosov deformation quantization of
endomorphism bundles [11]. There are also attempts to relate NC gravity models with
some testable GR results like gravitational waves, cosmological solutions, Newtonian
potential [12].
In this article we construct a NC gravity model following the NC gauge theory ap-
proach. We work with the canonical (Moyal-Weyl, θ-constant) noncommutative space-
time. However, the model can be straightforwardly generalized to an arbitrary NC
space-time coming from an Abelian twist. The main disadvantage of the canonical NC
space-time is that, by introducing a constant NC parameter we explicitly break the
diffeomorphism symmetry. Therefore, it is natural to ask if this symmetry breaking
has some physical explanation. In Section 5 we will provide an explanation of this dif-
feomorphism breaking. The gauge group of our model is chosen to be the NC SO(2, 3)⋆
group. Motivated by different f(R), f(T ) and other modified gravity models we study
the SW map expansion of our model and obtain correction terms that are of the first,
second, third and fourth order in powers of curvature and torsion. Those terms can
be compared with the existing terms in modified gravity models. An advantage of our
model is that the relations between different correction terms are not arbitrary but
are fixed by the SW map expansion. Calculating NC gravity equations of motion, we
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show that noncommutativity is a source of the curvature and torsion. That is, given a
flat/torsion-free space-time, noncommutativity induces nonzero curvature/torsion on
this space-time. This result is not completely new, it was also discussed in [13] in a
different approach to NC gravity. Especially, starting from Minkowski space-time as
a solution of commutative vacuum Einstein equations, the corrections induced by our
NC gravity model lead to space-time with a constant scalar curvature. Note that this
article is a longer and detailed version of [14].
The structure of the article is as follows: In the following section we introduce the
full commutative action. For completeness, we repeat the basic notations from our
previous papers [15], [16]. After that, the full model consisting of a sum of three
different actions is presented. The actions are a MacDovell-Mansouri type of action,
a generalization of the Einstein-Hilbert action and the cosmological constant action
[17]. The NC generalization of this model is done in Section 3. Using the SW map
the second order expansion (in the deformation parameter) of the NC gravity action is
calculated. The calculations are long and tedious, so we do not go into details. Instead,
we give some of the details in Appendix B. In the zeroth order the NC action reduces
to the commutative action containing the Gauss-Bonnet term, Einstein-Hilbert term
and the cosmological constant term. The first order correction vanishes, as expected.
The first non-vanishing correction is the second order correction. It is given by the
terms that are higher order in the curvature and torsion. Since the full second order
correction is very complicated, in this paper we only discuss the low energy limit.
Therefore, in Section 4 we write the expanded action keeping terms that are of zeroth,
first and second order in the derivatives of vierbeins. The equations of motion are then
obtained by varying the action with respect to the vierbeins and the spin-connection.
NC corrections (θ-dependent terms) appear on the right-hand side of these equations
and can be interpreted as sources of curvature and/or torsion. Using these equations
of motion, in Section 5 we calculate the NC correction to Minkowski space-time. We
see that due to the noncommutativity, Minkowski space-time becomes curved with a
constant scalar curvature and the full metric is very close in form to the metric of
the AdS space-time. The coordinates in which the solution is given turn out to be
Fermi-normal coordinates. This result, its relation with the diffeomorphism symmetry
breaking and the work in perspective we discuss in the Conclusions.
2 Commutative model
In this section we review the commutative model. We first repeat the basic notation
and then define and discuss the commutative action.
Let us consider a gauge theory on four dimensional Minkowski space-time with the
SO(2, 3) group as the gauge group. Note that through the paper we use the ”mostly
minus” convention for the metric, ηµν = diag(+,−,−,−, ). See Appendix A for more
details on the conventions we use. The gauge field is valued in the SO(2, 3) algebra
ωµ =
1
2
ωABµ MAB , (2.1)
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where MAB are the generators of the SO(2, 3) group. The generators satisfy
[MAB ,MCD] = i(ηADMBC + ηBCMAD − ηACMBD − ηBDMAC). (2.2)
The 5D metric is ηAB = diag(+,−,−,−,+). The gauge group indices A,B, . . . take
values 0, 1, 2, 3, 5, while indices a, b, . . . take values 0, 1, 2, 3. The space-time indices we
label with Greek letters. The generators MAB can be defined using the Clifford algebra
in 5D. A representation of 5D gamma matrices is obtained from 4D gamma matrices,
i. e. ΓA = (iγaγ5, γ5), where γa are 4D gamma matrices. The generators MAB are
MAB =
i
4
[ΓA,ΓB ] . (2.3)
In the representation given above we obtain
Mab =
i
4
[γa, γb] =
1
2
σab ,
M5a =
1
2
γa . (2.4)
Using this representation, the gauge filed ωABµ can be decomposed as:
ωµ =
1
2
ωABµ MAB =
1
4
ωabµ σab −
1
2l
eaµγa. (2.5)
The parameter l has dimension of length, while fields eaµ are dimensionless and ω
ab
µ has
dimension 1/l. Under the SO(2, 3) gauge transformations the gauge field transforms
as
δǫωµ = ∂µǫ+ i[ǫ, ωµ], (2.6)
with the gauge parameter denoted by ǫ = 12ǫ
ABMAB.
The field strength tensor is defined in the standard way as
Fµν = ∂µων − ∂νωµ − i[ωµ, ων ] = 1
2
FABµν MAB . (2.7)
Its transformation law under the infinitesimal gauge transformations is given by
δǫFµν = i[ǫ, Fµν ]. (2.8)
Just like the gauge potential, the components of the field strength tensor F ABµν decom-
pose into F abµν and F
a5
µν :
Fµν =
1
2
(
R abµν −
1
l2
(eaµe
b
ν − ebµeaν)
)
Mab + F
a5
µν Ma5, (2.9)
where
R abµν = ∂µω
ab
ν − ∂νωabµ + ωacµ ωcbν − ωbcµ ωcaν , (2.10)
lF a5µν = ∇µeaν −∇νeaµ = T aµν . (2.11)
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The SO(2, 3) gauge theory was used in [18] to formulate a gravity theory using the
symmetry breaking from SO(2, 3) to SO(1, 3). Then, using the equations of motion
of the model one can identify the fields ωabµ with the spin connection and the fields e
a
µ
with vierbeins. The fields strengths R abµν and F
a5
µν = T
a
µν are the curvature tensor and
the torsion.
The symmetry breaking was introduced via the scalar field φ = φAΓA which transforms
in the adjoint representation of the SO(2, 3) group,
δφ = i[ǫ, φ]. (2.12)
Using the scalar field φ one can write the following gauge invariant actions [17]:
S1 =
il
64πGN
Tr
∫
d4xǫµνρσFµνFρσφ, (2.13)
S2 =
1
128πGN l
Tr
∫
d4xǫµνρσFµνDρφDσφφ+ c.c., (2.14)
S3 = − i
128πGN l
Tr
∫
d4xǫµνρσDµφDνφDρφDσφφ, (2.15)
with Dµφ = ∂µφ− i[ωµ, φ].
We define our commutative model to be the sum of these three actions
S = c1S1 + c2S2 + c3S3, (2.16)
where c1, c2 and c3 are arbitrary constants that will be determined from some additional
constraints. The action (2.16) is invariant under the SO(2, 3) gauge symmetry. This
symmetry is broken to the SO(1, 3) gauge symmetry by choosing φa = 0, φ5 = l. This
choice is sometimes referred to as a physical gauge. After the symmetry breaking the
action S1 reduces to the sum of the Einstein-Hilbert term, the cosmological constant
term and the Gauss-Bonnet term:
S1 = − 1
16πGN
∫
d4x
( l2
16
ǫµνρσǫabcdR
ab
µν R
cd
ρσ + eR−
6
l2
e
)
. (2.17)
The action S2 reduces to the sum of the Einstein-Hilbert term and the cosmological
constant term
S2 = − 1
16πGN
∫
d4x
√−g
(
R− 12
l2
)
. (2.18)
Finally, the action S3 reduces to the cosmological constant term only
S3 = − 1
16πGN
∫
d4x
√−g
(
− 12
l2
)
. (2.19)
Therefore, after the symmetry breaking our classical action is a sum of these three
terms
S = c1S1 + c2S2 + c3S3
= − 1
16πGN
∫
d4x
(
c1
l2
16
ǫµνρσǫabcdR
ab
µν R
cd
ρσ
+
√−g((c1 + c2)R − 6
l2
(c1 + 2c2 + 2c3))
)
. (2.20)
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Now we can partially fix the constants c1, c2 and c3 by the requirement that the full
action after the symmetry breaking reduces to the Einstein Hilbert action with the
cosmological constant. The Gauss-Bonet term is topological, it does not influence the
equations of motion and we will not write it further. We choose c1 + c2 = 1, and the
cosmological constant is given by
Λ = −31 + c2 + 2c3
l2
.
Note that the cosmological constant Λ can be positive, negative or zero, regardless of
the symmetry of our model.
3 NC SO(2, 3)⋆ gravity action
As we have mentioned in Introduction, the NC generalization of General Relativity
cannot be formulated in a straightforward way. One of possible ways to achieve this is
to use knowledge of the NC gauge theories and treat gravity as a gauge theory of the
Poincare´ (or AdS or dS) group. In the previous section we defined a rather general
model of commutative gravity as a theory with broken SO(2, 3) symmetry (2.20). This
model we now generalize to the noncommutative setting.
As in the previous papers [15, 16], we work in the canonical (Moyal-Weyl, θ-constant)
NC space-time. Following the approach of deformation quantization we represent non-
commutative functions as functions of commuting coordinates and algebra multiplica-
tion with the Moyal-Weyl ⋆-product:
f(x) ⋆ g(x) = e
i
2
θαβ ∂
∂xα
∂
∂yβ f(x)g(y)|y→x . (3.1)
Here θαβ is a constant antisymmetric matrix and its entries are considered to be small
deformation parameters1. The noncommutativity (deformation) is then encoded in the
⋆-product, while all variables (fields) are functions of commuting coordinates. Integra-
tion is well defined since the usual integral is cyclic:∫
d4x(f ⋆ g ⋆ h) =
∫
d4x(h ⋆ f ⋆ g) + boundary terms. (3.2)
Assuming that all fields are well behaved at the boundary, these terms vanish and
since we are interested in the equations of motion, we will simply ignore the boundary
terms throughout this paper. They become important when one discuss conserved
quantities or thermodynamics of black holes. The question of boundary terms in the
1To be more precise, the Moyal-Weyl ⋆-product should be written as
f(x) ⋆ g(x) = e
i
2
k¯θαβ ∂
∂xα
∂
∂yβ f(x)g(y)|y→x ,
with the small deformation parameter k¯ and arbitrary constant antisymmetric matrix elements θαβ .
In the usual notation k¯ is absorbed in the matrix elements θαβ and these are called deformation
parameters.
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NC gravity action we discussed in details in [16]. In particular, from (3.2) we have∫
d4x(f ⋆ g) =
∫
d4x(g ⋆ f) =
∫
d4xfg. Note that the volume element d4x is not
⋆-multiplied with functions under the integral.
In order to construct the NC SO(2, 3)⋆ gauge theory we use the enveloping algebra
approach and the Seiberg-Witten map developed in [19]. We will not go into details of
this construction, they can be found in [16]. Here we just write the SW map solutions
for the NC gauge field, NC field strength tensor and the NC scalar field in the adjoint
representation since we will use them through the paper.
The noncommutative gauge field ωˆµ is defined by the following recursive relation:
ωˆ(n+1)µ = −
1
4(n+ 1)
θκλ
(
{ωˆκ ⋆, ∂λωˆµ + Fˆλµ}
)(n)
, (3.3)
where ωˆ
(0)
µ = ωµ is the commutative gauge field and an expression of the type (A ⋆
B)(n) = A(n)B(0)+A(n−1)B(1)+ . . .+A(0) ⋆(1)B(n−1)+A(1) ⋆(1)B(n−2)+ . . . includes all
possible terms of order n. Expanding this relation up to first order in the deformation
parameter, we find that the NC gauge field ωˆµ is of the form
ωˆµ = ωµ − 1
4
θκλ{ωκ, (∂λωµ + Fλµ}+O(θ2) (3.4)
=
1
4
ωabµ σab + ω
a
µγa + ω˜
a
µγaγ5 + ω˜
5
µγ5 + ωµI . (3.5)
It is obvious from (3.5) that the NC gauge field is valued in the enveloping algebra of
the SO(2, 3) algebra. However, note that the enveloping algebra in this particular case
is finite dimensional. This is one of the advantages of choosing the NC gauge group to
be SO(2, 3)⋆.
The NC field strength tensor is defined as
Fˆµν = ∂µωˆν − ∂ν ωˆµ − i[ωˆµ ⋆, ωˆν ] (3.6)
and its transformation law under the infinitesimal NC gauge transformations is given
by:
δ⋆ǫ Fˆµν = i[Λˆǫ
⋆, Fˆµν ] . (3.7)
Here the NC gauge parameter Λˆǫ is introduced. It is also valued in the enveloping
algebra, in zeroth order in the deformation parameter it reduces to the commutative
SO(2, 3) gauge parameter ǫ and its higher orders can be calculated using the SW map.
The SW map solution for Fˆµν follows from the definition (3.6), using the result (3.3).
The recursive formula is
Fˆ (n+1)µν = −
1
4(n+ 1)
θκλ
(
{ωˆκ ⋆, ∂λFˆµν +DλFˆµν}
)(n)
+
1
2(n+ 1)
θκλ
(
{Fˆµκ, ⋆, Fˆνλ}
)(n)
. (3.8)
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Note that we do not put a ”hat” on the covariant derivative Dµ, the meaning of Dµ
is defined by the expression it acts on: DλFˆµν = ∂λFˆµν − i[ωˆλ ⋆, Fˆµν ] and DλFµν =
∂λFµν − i[ωλ, Fµν ]. One can check that
Fˆµν = Fµν − 1
4
θκλ{ωκ, ∂λFµν +DλFµν}+ 1
2
θκλ{Fµκ, Fνλ}+O(θ2) (3.9)
=
1
4
F abµν σab + F
aγa + F˜
aγaγ5 + F˜
5
µνγ5 + FµνI. (3.10)
Finally, the field φˆ transforms in the adjoint representation
δ⋆ǫ φˆ = i[Λˆǫ
⋆, φˆ] . (3.11)
Using the previous results we find the recursive relation
φˆ(n+1) = − 1
4(n+ 1)
θκλ
(
{ωˆκ ⋆, ∂λφˆ+Dλφˆ}
)(n)
, (3.12)
with Dλφˆ = ∂λφˆ − i[ωˆλ ⋆, φˆ] and Dλφ = ∂λφ − i[ωλ, φ]. The solution for φˆ has the
following structure
φˆ = φ− 1
4
θκλ{ωκ, ∂λφ+Dλφ}+O(θ2) (3.13)
= φaγaγ5 + φγ5 +
1
4
φabσab + φ˜
aγa . (3.14)
Having these results at hand, we are now ready to define a NC generalization of the
action (2.20). We do it term by term.
3.1 NC generalization of S1
The NC generalization of the action S1 (2.13) is given by
S1NC =
il
64πGN
Tr
∫
d4xǫµνρσFˆµν ⋆ Fˆρσ ⋆ φˆ . (3.15)
The ⋆-product is the Moyal-Weyl ⋆-product (3.1), fields with a ”hat” are NC fields and
we will use the SW map solutions (3.9), (3.13). Using the transformation laws (3.7),
(3.11) and the cyclicity of the integral (3.2) one can show that this action is invariant
under the NC SO(2, 3)⋆ gauge transformations. In the limit θ
αβ → 0 the action (3.15)
reduces to the commutative action (2.13).
The expansion of this action up the the second order in the deformation parameter
is done in [16]. The first order correction vanishes. This is an expected result: it
was shown in [8] that, if the NC gravity action is real, then the first order (in the
deformation parameter) correction has to vanish. This result holds for a wide class of
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NC deformations, namely the deformations obtained by an Abelian twist, see [9]. The
second order correction is given by:
S
(2)
1NC =
il
64πGN
1
8
θαβθκλTr
∫
d4xǫµνρσ
(1
8
{Fαβ , {Fµν , Fρσ}}{φ, Fκλ}
−1
2
{Fαβ , {Fρσ , {Fκµ, Fλν}}}φ − 1
4
{{Fµν , Fρσ}, {Fκα, Fλβ}}φ
− i
4
{Fαβ , [DκFµν ,DλFρσ]}φ− i
2
[{DκFµν , Fρσ},DλFαβ ]φ
−1
2
{Fρσ , {Fαµ, Fβν}}{φ, Fκλ}+ {{Fαµ, Fβν}, {Fκρ, Fλσ}}φ
+2{Fρσ , {Fβν , {Fκα, Fλµ}}}φ + i{Fρσ , [DκFαµ,DλFβν ]}φ
+2i[{Fβν ,DκFαµ},DλFρσ]φ
− i
4
{φ, Fκλ}[DαFµν ,DβFρσ ]− 1
2
{DκDαFµν ,DλDβFρσ}φ
+i[{Fκα,DλFµν},DβFρσ ]φ+ i[{Fλν ,DαFκµ},DβFρσ ]φ
+i[{Fκµ,DαFλν},DβFρσ ]φ
)
. (3.16)
3.2 NC generalization of S2
The NC generalization of the action S2 (2.14) is given by
S2NC =
1
128πGN l
Tr
∫
d4xǫµνρσφˆ ⋆ Fˆµν ⋆ Dˆρφˆ ⋆ Dˆσφˆ+ c.c. (3.17)
This action is not real so we have to add its complex conjugate by hand. Following the
usual steps, we expand (3.17) up to second order in the deformation parameter. The
details of the calculation are presented in Appendix B, here we just write the main
steps.
Using the formulae (B.1), (B.2) and (B.3) from Appendix B the first order correction
follows. It is given by
S
(1)
2NC =
1
128πGN l
Tr
∫
d4xθαβǫµνρσ
(
− 1
4
φ{Fαβ , Fµν}DρφDσφ
− i
2
DαφFµν(DβDρφ)Dσφ− i
2
DαφFµνDρφ(DβDσφ) +
+
1
2
φ{Fµα, Fνβ}DρφDσφ+ i
2
φFµν(DαDρφ)(DβDσφ)
+
1
2
φFµν{Fαρ,Dβφ}Dσφ+ 1
2
φFµνDρφ{Fασ ,Dβφ}
)
+ c.c. (3.18)
Explicit calculation of traces gives S
(1)
2 = 0, so we have to calculate the second order
correction. It follows from the first order action as
S
(2)
2NC =
1
256πGN l
Tr
∫
d4xθαβǫµνρσTr
(
− 1
4
φ{Fˆαβ ⋆, Fˆµν} ⋆ Dˆρφˆ ⋆ Dˆσφ
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− i
2
Dˆαφ ⋆ Fˆµν ⋆ (DˆβDˆρφˆ) ⋆ Dˆσφˆ− i
2
Dˆαφˆ ⋆ Fˆµν ⋆ Dˆρφˆ ⋆ (DˆβDˆσφˆ) (3.19)
+
1
2
φˆ ⋆ {Fˆµα ⋆, Fˆνβ} ⋆ Dˆρφˆ ⋆ Dˆσφˆ+ i
2
φˆ ⋆ Fˆµν ⋆ (DˆαDˆρφˆ) ⋆ (DˆβDˆσφˆ)
+
1
2
φˆ ⋆ Fˆµν ⋆ {Fˆαρ ⋆, Dˆβφˆ} ⋆ Dˆσφˆ+ 1
2
φˆ ⋆ Fˆµν ⋆ Dˆρφˆ{Fˆασ ⋆, Dˆβφˆ}
)(1)
+ c.c.
By ()(1) it is meant the terms in the bracket are expanded up to first order in the
deformation parameter. That includes expansion of the ⋆-products and the use of the
SW map solutions for the corresponding fields.
Using the formulae (B.4-B.7) and the general method outlined in Appendix B, we
finally arrive at the second order correction for the NC action S2
S
(2)
2NC =
1
256πGN l
∫
d4xǫµνρσθαβθγδTr
(
1
8
{Fγδ , φ{Fαβ , Fµν}}DρφDσφ
− i
4
DγφDδ({Fαβ , Fµν})DρφDσφ
− i
4
φ[DγFαβ ,DδFµν ]DρφDσφ− 1
4
φ{{Fαγ , Fβδ}, Fµν}DρφDσφ
−1
4
φ{{Fµγ , Fνδ}, Fαβ}DρφDσφ− i
4
φ{Fαβ , Fµν}DγDρφDδDσφ
−1
4
φ{Fαβ , Fµν}[{Fγρ,Dδφ},Dσφ] + i
4
{Fγδ ,DαφFµν}[DβDρφ,Dσφ]
+
1
2
(DγDαφ)DδFµν [DβDρφ,Dσφ]
− i
2
{Fγα,Dδφ}Fµν [DβDρφ,Dσφ]− i
2
Dαφ{Fµγ , Fνδ}[DβDρφ,Dσφ]
+
1
2
DαφFµν{DγDβDρφ,DδDσφ} − i
2
DαφFµν [{Fγβ ,DδDρφ},Dσφ]
− i
2
DαφFµνDβ([{Fγρ,Dδφ},Dσφ])− 1
4
{Fγδ , φ{Fµα, Fνβ}}DρφDσφ
+
i
2
DγφDδ({Fµα, Fνβ})DρφDσφ+ i
2
φ[DγFµα,DδFνβ]DρφDσφ
+φ{{Fµγ , Fαδ}, Fνβ}DρφDσφ
+iφ{Fµγ , Fνδ}DαDρφDβDσφ
+φ{Fµα, Fνβ}[{Fγρ,Dδφ},Dσφ]− i
4
{Fγδ , φFµν}DαDρφDβDσφ
+φFµν{Fαρ,Dβφ}{Fγσ ,Dδφ} − 1
2
DγφDδFµνDαDρφDβDσφ
+iφFµν{Dα({Fγρ,Dδφ}),DβDσφ}
+
i
2
φFµν{{Fγα,DδDρφ},DβDσφ}
−1
4
{Fγδ , φ Fµν}[{Fαρ,Dβφ},Dσφ]
+
i
2
DγφDδFµν [{Fαρ,Dβφ},Dσφ] + i
2
φFµν [[DγFαρ,DδDβφ],Dσφ]
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−1
2
φFµνDγ(DαDρφ)Dδ(DβDσφ) +
1
2
φFµν [{{Fαγ , Fρδ},Dβφ},Dσφ]
+
1
2
φFµν [{{Fγβ ,Dδφ}, Fαρ},Dσφ]
)
. (3.20)
3.3 NC generalization of S3
Finally, we consider the NC generalization of the action S3 (2.15). Inserting ⋆-products
and promoting the commutative fields to the corresponding NC fields we arrive at:
S3NC = − i
128πGN l
Tr
∫
d4x εµνρσDµφˆ ⋆ Dν φˆ ⋆ Dˆρφˆ ⋆ Dˆσφˆ ⋆ φˆ. (3.21)
The zeroth order of the action (3.21) is the commutative action given by (2.15).
Following the same steps as in previous subsections and using the formulae from Ap-
pendix B we calculate the first order correction to this action:
S
(1)
3NC = −
i
128πGN l3
θαβ
∫
d4xǫµνρσTr
(
− 1
4
{Fαβ ,DµφDνφ}DρφDσφφ
+
1
2
( i
2
(DαDµφ)(DβDνφ) +
1
2
{Fαµ,Dβφ}Dνφ
+
1
2
Dµφ{Fαν ,Dβφ}
)
DρφDσφφ
+DµφDνφ
( i
2
Dα(DρφDσφ)Dβφ+
i
2
(DαDρφ)(DβDσφ)φ
+
1
2
{Fαρ,Dβφ}Dσφφ+ 1
2
Dρφ{Fασ ,Dβφ}φ
))
. (3.22)
Again, there is no surprise to find that the calculation of traces leads to S
(1)
3NC = 0.
Therefore, the first non-vanishing correction is the second order correction. To calculate
it we start from:
S
(2)
3NC = −
i
256πGN l3
∫
d4xǫµνρσTr
(
− 1
4
{Fˆαβ ⋆, DˆµφˆDˆν φˆ} ⋆ Dˆρφˆ ⋆ Dˆσφˆ ⋆ φˆ
+
1
2
( i
2
(DˆαDˆµφˆ) ⋆ (DˆβDˆν φˆ)
+
1
2
{Fˆαµ ⋆, Dˆβφˆ} ⋆ Dˆν φˆ+ 1
2
Dˆµφˆ ⋆ {Fˆαν ⋆, Dˆβφˆ}
)
⋆ Dˆρφˆ ⋆ Dˆσφˆ ⋆ φˆ
+Dˆµφˆ ⋆ Dˆν φˆ ⋆
( i
2
Dˆα(Dˆρφˆ ⋆ Dˆσφˆ) ⋆ Dˆβφˆ+
i
2
(DˆαDˆρφˆ) ⋆ (DˆβDˆσφˆ) ⋆ φˆ
+
1
2
{Fˆαρ ⋆, Dˆβ φˆ} ⋆ Dˆσφˆ ⋆ φˆ+ 1
2
Dρφˆ ⋆ {Fˆασ ⋆, Dˆβφˆ} ⋆ φˆ
))(1)
. (3.23)
Explicit calculation then gives:
S
(2)
3NC = −
i
256πGN l3
θαβθγδεµνρσTr
∫
d4x
(
1
32
{Fγδ, {Fαβ , DµφDνφ}}DρφDσφφ
10
−1
8
( i
2
[DγFαβ , Dδ(DµφDνφ)] +
1
2
{{Fαγ , Fβδ}, DµφDνφ}
+
i
2
{Fαβ , (DγDµφ)(DδDνφ)} + 1
2
{Fαβ , [Dµφ, {Fγν , Dδφ}]}
)
DρφDσφφ
−1
8
{Fαβ , DµφDνφ}
( i
2
Dγ(DρφDσφ)Dδφ
+
i
2
(DγDρφ)(DδDσφ)φ+
1
2
[{Fγρ, Dδφ}, Dσφ]φ
)
+
i
4
(
− 1
4
{Fγδ, (DαDµφ)(DβDνφ)}DρφDσφφ+
( i
2
(DγDαDµφ)(DδDβDνφ)
+
1
2
{{Fγα, DδDµφ}, DβDνφ}+ 1
2
{(Dα{Fγµ, Dδφ}), (DβDνφ)}
)
DρφDσφφ
+(DαDµφ)(DβDνφ)
( i
2
Dγ(DρφDσφ)Dδφ
+
i
2
(DγDρφ)(DδDσφ)φ+
1
2
[{Fγρ, Dδφ}, Dσφ]φ
))
+
1
4
(
− 1
4
{Fγδ, [{Fαµ, Dβφ}, Dνφ]}DρφDσφφ +
( i
2
{Dγ{Fαµ, Dβφ}, DδDνφ}
+
i
2
[[DγFαµ, DδDβφ], Dνφ] +
1
2
[{{Fαγ , Fµδ}, Dβφ}, Dνφ]
+
1
2
[{Fαµ, {Fγβ, Dδφ}}, Dνφ] + 1
2
[{Fαµ, Dβφ}, {Fγν, Dδφ}]
)
DρφDσφφ
+
i
2
[{Fαµ, Dβφ}, Dνφ]
(
Dγ(DρφDσφ)Dδφ+ (DγDρφ)(DδDσφ)φ
−i[{Fγρ, Dδφ}, Dσφ]φ
))
+
i
4
(
− 1
4
{Fγδ, DµφDνφ}[DαDρφ,Dσφ]Dβφ+
( i
2
(DγDµφ)(DδDνφ)
+
1
2
[{Fγµ, Dδφ}, Dνφ]
)
[DαDρφ,Dσφ]Dβφ
+DµφDνφ
( i
2
Dγ([DαDρφ,Dσφ])DδDβφ+
i
2
{DγDαDρφ,DδDσφ}Dβφ
+
1
2
[{Fγα, DδDρφ}, Dσφ]Dβφ+ 1
2
[Dα{Fγρ, Dδφ}, Dσφ]Dβφ
+
1
2
[DαDρφ, {Fγσ, Dδφ}]Dβφ+ 1
2
[DαDρφ,Dσφ]{Fγβ , Dδφ}
))
+
i
4
(
− 1
4
{Fγδ, DµφDνφ}(DαDρφ)(DβDσφ)φ+
( i
2
(DγDµφ)(DδDνφ)
+
1
2
[{Fγµ, Dδφ}, Dνφ]
)
(DαDρφ)(DβDσφ)φ
+DµφDνφ
( i
2
Dγ((DαDρφ)(DβDσφ))Dδφ+
i
2
(DγDαDρφ)(DδDβDσφ)φ
+
1
2
{{Fγα, DδDρφ}, DβDσφ}φ+ 1
2
{(Dα{Fγρ, Dδφ}), DβDσφ}φ
))
+
i
4
(
− 1
4
{Fγδ, [{Fαρ, Dβφ}, Dσφ]}φDµφDνφ+
( i
2
{Dγ{Fαρ, Dβφ}, DδDσφ}
i
2
[[DγFαρ, DδDβφ], Dσφ] +
1
2
[{{Fαγ , Fρδ}, Dβφ}, Dσφ]
+
1
2
[{Fαρ, {Fγβ, Dδφ}}, Dσφ] + 1
2
[{Fαρ, Dβφ}, {Fγσ, Dδφ}]
)
φDµφDνφ
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+[{Fαρ, Dβφ}, Dσφ]
( i
2
DγφDδ(DµφDνφ)
+
i
2
φ(DγDµφ)(DδDνφ) +
1
2
φ[{Fγµ, Dδφ}, Dνφ]
)))
. (3.24)
The expanded actions (3.16), (3.20) and (3.24) are obviously invariant under the
commutative SO(2, 3) gauge transformations, as guaranteed by the SW map.
4 Symmetry breaking and the low energy expansion
The second order expansion of the NC actions (3.15, 3.17, 3.21), given by equations
(3.16, 3.20, 3.24) is explicitly invariant under the commutative SO(2, 3) gauge sym-
metry. In order to relate these expanded actions to the General Relativity and its NC
corrections, we have to follow the same steps as in the commutative model, Section
2. First we have to break the SO(2, 3) gauge symmetry down to the SO(1, 3) gauge
symmetry (local Lorentz symmetry). Then we have to calculate the traces and write
the actions in terms of the geometric quantities (curvature, vierbeins, metric). Let us
proceed step by step.
The symmetry breaking is done by choosing the field φ to be of the form φ = (0, 0, 0, 0, l).
In this way the zeroth order of the actions (3.15, 3.17, 3.21) reduces to the commutative
model with the BG term, Einstein-Hilbert term and the cosmological constant term,
(2.16). Then we have to calculate the traces. As we have seen, the first order correc-
tion vanishes and the second order correction is the first non-vanishing correction. It
is very long and we will not write the full expressions here. Moreover, the expended
actions contain terms that are fourth and lower powers of curvature and second and
lower powers of torsion. To analyze the full action is very demanding. Especially,
finding equations of motion is a highly non trivial calculation. Additionally, there is
no guarantee that the obtained equations of motion will remain second order partial
differential equations with respect to the metric and the connection. There are higher
order gravity theories, like Lovelock theories, where the equations of motion remain
the second order differential equations. In our case, unfortunately it is not clear what
will happen with the equations of motion and a careful analysis has to be done.
4.1 Low energy effective NC gravity action
However, we can still analyze different sectors of our model, such as high energy be-
havior, or low energy behavior, with or without the cosmological constant, etc. In this
paper we are interested in the low energy corrections. To be more precise, we keep
terms that have at most two derivatives on vierbeins. Therefore, in our analysis we
include terms linear in curvature, linear and quadratic in torsion. Additionally, we
assume that the spin connection ωabµ and first order derivatives of vierbeins such as
∂ρe
b
α are of the same order.
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The low energy NC correction of the action S1NC is given by
S
(2)
1NC = −
1
128πGN l4
∫
d4x eθαβθγδ
(
2Rαβγδ − 4Rαγβδ + 6gβδRαµγµ
− 6
l2
gαγgβδ − 5T aαβTγδa + 10T aαγTβδa − 3TαβγT µδµ − TαβρT ργδ − 8TαγδT µβµ
−2Tαγµebβ∇δebµ − 2Tαγβeρa∇δeaρ + 6Tδρβeρa∇αeaγ
−2Tαβδeρa∇γeaρ + T µαβ eδa∇γeaµ + 4eµaebβ∇γeaα∇δebµ + 4eµaebδ∇γebβ∇αeaµ
+2gαγe
µ
ae
ν
b∇βeaµ∇δebν − 2gαγeµb eνa∇δebν∇βeaµ
)
.
The low energy NC correction of the action S2NC is given by
S
(2)
2NC =
1
256πGN l4
∫
d4x eθαβθγδ
(
20Rαβγδ − 28Rαγβδ − 56gβδRαµγµ
+
68
l2
gαγgβδ + T
a
αβTγδa − 11T aαγTβδa + 6TαβρTργδ − 16TαγβT µδµ
+24T ραγ Tρδβ + 4gβδT
σ
γσ T
ρ
αρ − 4gβδTγσρT ρσα
+4Tαγδe
µ
b∇βebµ + 4Tαβγeµb∇δebµ + 2Tαβρeaγ∇δeaρ
−12T ραγ eδa∇βeaρ − 28Tαµγeµa∇βeaδ + 4gβγT σαρ eρb∇δebσ − 4gαγT ννβ eaµ∇δeaµ
−40eρaeδb∇αeaγ∇βebρ − 12gβδeµb eνa∇γebµ∇αeaν
+32eµb eδa∇αeaγ∇βebµ + 12gβδeρceµa∇αeaρ∇γecµ
)
.
The low energy NC correction of the action S3NC is given by
S
(2)
3NC =
∫
d4x
eθαβθγδ
128πGN l4
(
38Rαβγδ − 44Rαγβδ − 36Rαγgβδ + 56
l2
gαγgβδ
−7T aαβTγδa + 14T aαγTβδa − 2TαβγT ρδρ + 4T ραγTδρβ + 4gβδT ραρT σγσ
−4gβδT σαρT ργσ + 32∇αeaγeδa∇βebρeρb − 32∇αeaγeρa∇βebρeδb
+8gβδ∇αeaρeσa∇γebσeρb − 8gβδ∇αeaρeρa∇γebσeσb − 12T ραγ∇βeaρeδa
+18Tαβγ∇δeaρeρa − 8Tαγβ∇δeaρeρa + 16Tγρβ∇αeaδeρa
−4T σαρ∇γeaσeρagβδ + 4T ραρ∇γeaσeσagβδ
)
. (4.1)
Remembering that c1 + c2 = 1 the resulting action follows
SNC = − 1
16πGN
∫
d4x e
(
R− 6
l2
(1 + c2 + 2c3)
)
+
1
128πGN l4
∫
d4x eθαβθγδ
(
(−2 + 12c2 + 38c3)Rαβγδ
+(4− 18c2 − 44c3)Rαγβδ − (6 + 22c2 + 36c3)gβδRαµγµ
+
6 + 28c2 + 56c3
l2
gαγgβδ + (5− 9
2
c2 − 7c3)T aαβTγδa (4.2)
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+(−10 + 9
2
c2 + 14c3)T
a
αγTβδa + (3− 3c2 − 2c3)TαβγT µδµ
+(1 + 2c2)TαβρT
ρ
γδ + 8TαγδT
µ
βµ
−(2c2 + 4c3)TαγρT ρδβ + (2c2 + 4c3)gβδT σγσ T ραρ
−(2c2 + 4c3)TαρσT σργ gβδ + (−2 + 4c2 + 18c3)Tαβγeρa∇δeaρ
+(6− 8c2 − 8c3)Tαγβeρa∇δeaρ + (2 + 4c2 + 12c3)T µαγ eaβ∇δeaµ
−T µαβ eaδ∇γeaµ + (−6− 8c2 − 16c3)Tδρβeρa∇αeaγ
−(2c2 + 4c3)gαγT µµβ eρa∇δeaρ − (2c2 + 4c3)gβδT σαρ eρa∇γeaσ
−(4 + 16c2 + 32c3)eµaebβ∇γeaα∇δebµ + (4 + 12c2 + 32c3)eδaeµb∇αeaγ∇βebµ
−(2 + 4c2 + 8c3)gβδeµaeνb∇γeaµ∇αebν + (2 + 4c2 + 8c3)gβδeµaeρc∇αeaρ∇γecµ
)
.
To obtain this action we used that DαFµν is the SO(2, 3) covariant derivative and its
components are
(DαFµν)
ab = ∇αF abµν −
1
l2
(eaαT
b
µν − ebαT aµν),
(DαFµν)
a5 =
1
l
(∇αT aµν + emα F aµνm ) ,
(DκDαFµν)
ab = ∇κ∇αF abµν −
1
l2
(
(∇κeaα)T bµν − (∇κebα)T aµν + eaα(∇κT bµν)
−ebα(∇κT aµν) + eaκ(∇αT bµν)− ebκ(∇αT aµν) + eaκemα F bµνm − ebκemα F aµνm
)
,
with the SO(1, 3) covariant derivative
∇αF abµν = ∂αF abµν + ωacα F bµνc − ωbcα F aµνc ,
∇αT aµν = ∂αT aµν + ωacα Tµνc.
We also used that
(Dαφ)
a = e aα ,
(Dαφ)
5 = 0,
(DαDβφ)
a = (∇αeβ)a,
(DαDβφ)
5 = −1
l
gαβ .
Before we determine the equations of motion, let us briefly discuss the action (4.2).
We see that this action is invariant under the SO(1, 3) gauge symmetry. However, due
to the noncommutativity it is no longer invariant under the diffeomorphism symmetry.
The non-invariant terms manifest themselves in two ways. Firstly, there are tensors
contracted with the NC parameter θαβ such as θαβθκλRακβλ. Since θ
αβ is not a tensor
under the diffeomorphism symmetry (it is a constant matrix that does not transform
under the diffeomorphism), those terms are also not scalars (tensors). Then there are
14
terms in which SO(1, 3) covariant derivatives of vierbeins appear. Using the metricity
condition
∇totµ e aρ = ∂µe aρ + ωabµ eρb − Γσµρe aσ = 0 (4.3)
the SO(1, 3) covariant derivative can be written as
∇µe aρ = ∂µe aρ + ωabµ eρb = Γσµρe aσ . (4.4)
Therefore, the affine connection Γσµρ appears explicitly in (4.2). Note that this affine
connection does not have to be given by the Christoffel symbols. We will see in Sec-
tion 6 that the noncommutativity can generate the antisymetric part of the connection,
leading to the appearance of torsion. Some of the terms with the explicit Γσµρs can be
grouped to form the curvature tensor, but some will remain and make the diffeomor-
phism non-invariance explicit.
4.2 Low energy equations of motion
The equations of motions are obtained by varying the action (4.2) with respect to the
vierbein and the spin connection. Some useful formulae are given in Appendix C. In
this article we are interested in NC corrections to the GR solutions with vanishing
torsion. Therefore, in the equations of motion we impose the condition T aµν = 0. A
more general form of the equations of motion will be presented in future work.
Finally, the equation of motion for the vierbein is given by
R cdαγ e
γ
de
α
ae
µ
c −
1
2
eµaR+
3
l2
(1 + c2 + 2c3)e
µ
a = τ
µ
a , (4.5)
where
τ µa = −
8πGN
e
δS
(2)
NC
δeaµ
= −θ
αβθγδ
16l4
(
(−4 + 6c2 + 22c3)eµaRαβγδ
+(4− 18c2 + 44c3)(eµaRαγβδ − 2δµαRβδγa)
−(6 + 22c2 + 36c3)eµagβδRαγ + 2δµαeγaRβδ + gβδRγλeλaδµα − gβδR µαλγ eλa)
+(4 + 16c2 + 32c3)(e
µ
c eγbe
ρ
a∇βecδ∇αebρ
−eµaeβbeρc∇γecα∇δebρ − δµαeρb∇γeρa∇δebβ)
+(2 + 2c2 + 4c3)gβδe
µ
ae
ρ
ce
σ
d (∇αecρ∇γedσ −∇αedρ∇γecσ)
+(4 + 6c2 + 12c3)(e
µ
agβδe
ρ
b∇α∇γebρ − eδbeρceµa∇βecρ∇γebα
+gβδe
ρ
ae
σ
b e
µ
c∇αecσ∇γebρ − gβδeρaeµb∇α∇γebρ)
−(4 + 12c2 + 32c3)eµa∇βeδb∇γebα + (7− 14c2 − 54c3)δµαRγδβa
+(5 + 12c2 + 24c3)(2eγae
µ
b e
σ
c∇δebβ∇αecσ + 2eµb∇αeγa∇δebβ
−2eγaeσb eµc∇αecσ∇δebβ − eδaR µαβ γ)
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+(2 + 8c2 − 12c3)δµαeδa(eσc eρb∇βecσ∇γebρ − eσb eρc∇βecσ∇γebρ)
+(6 + 24c2 + 36c3)δ
µ
αe
ρ
b∇γebρ∇βeδa + 2(−2 + 4c2 + 18c3)δµαeγaeρb∇β∇δebρ
+(2 + 4c2 + 12c3)δ
µ
αeγbe
ρ
a∇δ∇βebρ
−(6 + 8c2 + 16c3)δµα(eγaeσc eρb∇δebβ∇ρecσ + eρd∇δedβ∇ρeγa
−eγaeρceσd∇ρecσ∇δedβ + eγaeρd∇ρ∇δedβ)
+(6− 8c2 − 8c3)δµαeγaeρd∇δ∇βedρ
+(2 + 2c2 + 8c3)δ
µ
αeδb(e
ρ
ce
σ
a∇γecσ∇ρebβ − eσc eρa∇γecσ∇βebρ)
+(6 + 22c2 + 48c3)δ
µ
αeβb(e
σ
c e
ρ
a∇γecσ∇δebρ − eσaeρc∇γecσ∇δebρ)
−2δµα(eσc eρaeδb∇βecσ∇γebρ − eρceσaeδb∇βecσ∇γebρ − eρaebγ∇β∇δebρ)
−(8 + 20c2 + 44c3)δµαeρa∇γebρ∇βebδ
+(2c2 + 4c3)gβδ(δ
µ
αe
ρ
be
σ
a∇σ∇γebρ
−δµαeσc eρa∇σ∇γecρ − δµαeνaeρceσd∇νecδ∇γedρ
−δµαeνdeρceσa∇ρedν∇γecσ − eρaeνb eσc∇νecρ∇γebσ − eσaeνc eρd∇ρedν∇γecσ)
+
6 + 28c2 + 56c3
l2
(gαγgβδe
µ
a + 4gβδδ
µ
αe
a
γ)
)
. (4.6)
Multiplying the previous equation with eνa and using the metricity condition we obtain
Rνµ − 1
2
gµνR+
3
l2
(1 + c2 + 2c3)g
µν = τµν , (4.7)
with
τµν = −θ
αβθγδ
16l4
(
(−4 + 6c2 + 22c3)Rαβγδgµν − (7− 14c2 − 54c3)Rνβγδδµα
+(4− 18c2 − 44c3)(2Rνγβδδµα +Rαγβδgµν)
−(5 + 12c2 + 24c3)Rµγαβδνδ
−(6 + 22c2 + 36c3)(gµνgβδRαγ + 2δµβδνδRαγ + gβδδµγR να − gβδR ν µα γ )
+(4 + 16c2 + 32c3)(gσβg
ρνΓµαγΓ
σ
δρ − gµνgρβΓσαγΓρσδ)
+(2 + 2c2 + 4c3)g
µνgδβΓ
σ
ασΓ
ρ
γρ − (4 + 12c2 + 32c3)gµνgρσΓρβδΓσγα
+(2 + 4c2 + 8c3)g
µνgβδΓ
σ
γρΓ
ρ
ασ
+(4 + 6c2 + 12c3)(g
µν(gβδ∂αΓ
ρ
γρ − gδρΓσβσΓραγ)
+gρν(gασΓ
σ
βδΓ
µ
γρ + gαδ∂βΓ
µ
γρ))
+(10 + 24c2 + 48c3)(δ
ν
γΓ
ρ
αρΓ
µ
βδ + Γ
µ
δβΓ
ν
αγ − δνγΓµασΓσβδ)
−(4 + 4c2 + 8c3)gβδgσνΓργρΓµασ + (6 + 24c2 + 36c3)δµαΓργρΓνβδ
+(2 + 8c2 − 12c3)δµαδνδ (ΓσβσΓργρ − ΓρβσΓσγρ)
+(−4 + 8c2 + 36c3)δνγδµα∂βΓρδρ + (6− 8c2 − 8c3)δνγδµα∂δΓρδβ
+(2 + 28c3)δ
µ
αδ
ν
γΓ
σ
δρΓ
ρ
βσ + 2δ
µ
αg
ρνgγκ(∂βΓ
κ
δρ + Γ
σ
δρΓ
κ
βσ)
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−(6 + 8c2 + 16c3)δµα(δνγΓσρσΓρβδ + ΓνργΓρβδ + δνγ∂ρΓρβδ)
+(2 + 2c2 + 8c3)δ
µ
αg
ρνgτδ(−ΓσγσΓτβρ + ΓσγρΓτβσ)
+(6 + 22c2 + 48c3)δ
µ
αg
ρνgτβ(Γ
σ
γσΓ
τ
δρ − ΓσγρΓτδσ)
−2δµαgκδgρν(ΓτβτΓκγρ − ΓσβρΓκγσ)
+(2 + 4c2 + 12c3)δ
µ
αgτγg
ρν(∂δΓ
τ
βρ + Γ
σ
βρΓ
τ
δσ)
−(8 + 20c2 + 44c3)δµαgτσgρνΓσγρΓτδβ
−(4 + 16c2 + 32c3)δµαΓρβδΓνγρ − (2c2 + 4c3)gβδgσνΓρασΓµγρ
+(2c2 + 4c3)δ
µ
αgβδg
ρν(∂ρΓ
σ
γσ − ∂σΓσγρ − ΓσγρΓττσ + ΓσρκΓκγσ)
+
6 + 28c2 + 56c3
l2
(gµνgαγgβδ + 4gβδδ
ν
γδ
µ
α)
)
. (4.8)
The equation of motion obtained by varying the action (4.2) with respect to the spin
connection is given by
T cac e
µ
b − T cbc eµa − T µab = S µab , (4.9)
where
S µab = −
16πGN
e
δS
(2)
NC
δωabµ
= −θ
αβθγδ
8l4
(
(2− 4c2 − 36c3)δµαΓρβρeγbeδa
−(1 + 10c2 + 22c3)δµαΓργρ(eβaeδb − eβbeδa)
−(5 + 6c2 − 8c3)δµαΓσγβ(eσaeδb − eσbeδa)
−(3 + 12c2 + 20c3)gβδ
(
Γραρ(eγbe
µ
a − eγaeµb )− Γµαρ(eγbeρa − eγaeρb)
)
−(3 + 11c2 + 18c3)
(
gβδΓ
σ
αγ(eσbe
µ
a − eσaeµb ) + gβσΓσαδ(eγbeµa − eγaeµb )
)
−(5 + 14c2 + 24c3)δµαgδβΓρσγ(eρaeσb − eρbeσa)− gδσδµαΓσγν(eβbeνa − eβaeνb )
+(c2 − 4c3)δµαgδσΓσβν(eγbeνa − eγaeνb )
+(4 + 13c2 + 24c3)δ
µ
αgσβΓ
σ
δν(eγbe
ν
a − eγaeνb )
)
. (4.10)
The equations (4.8) and (4.10) have a very clear physics interpretation. The noncom-
mutativity is a source curvature and torsion, i.e. flat space-time becomes curved as
an effect of noncommutative corrections. Also, a torsion-free solution will develop a
non-zero torsion in the presence of noncommutativity.
5 NC Minkowski space-time
In order to investigate consequences of noncommutativity in more details we analyze
the NC deformation of Minkovski space-time. Minkowski space-time is a vacuum
solution of the Einstein equations without the cosmological constant. Therefore, we
first have to assume that 1+ c2+2c3 = 0, that is that the cosmological constant is not
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present in the zeroth order in the deformation parameter. Note that in our previous
work [15, 16] we were not able to choose the value of the cosmological constant, since we
only worked with the action S1NC . Adding the other two actions S2NC and S3NC with
arbitrary constants c1, c2, c3 enables us to study a wider class of NC gravity solutions.
Assuming that the solution is a small perturbation around the flat Minkowski metric
gµν = ηµν + hµν , (5.1)
where hµν is a small correction of the second order in the deformation parameter θ
µν ,
equation (4.8) reduces to
1
2
(∂σ∂
νhσµ + ∂σ∂
µhσν − ∂µ∂νh−hµν)− 1
2
ηµν(∂α∂βh
αβ −h) = τµν , (5.2)
with
τµν =
11
4l6
(2ηαγθ
αµθγν +
1
2
gαγgβδg
µνθαβθγδ). (5.3)
The second equation (4.10) gives no contribution, that is the NC Minkowski space-
time remains torsion-free in the second order of the deformation parameter. The small
perturbation hµν we split into components h00, h0j and hij and we write equations
separately for each component. Note that i, j, . . . are space indices, they take values
1, 2, 3 and we label ψ = δijh
ij. The 00, 0j and ij components of (5.2) are given by:
△ψ − ∂i∂jhij = 2τ00, (5.4)
∂0∂jh
ij − ∂i∂jhj0 − ∂0∂iψ +△h0i = 2τ0i, (5.5)
−∂0∂ih0i − ∂k∂ihkj − ∂0∂jh0i − ∂k∂jhki − ∂i∂jh− ∂20hij +△hij
+δij(∂20h
00 + 2∂0∂mh
0m + ∂m∂nh
mn)− δij(h00 − ψ) = 2τ ij . (5.6)
In order find a solution of these inhomogeneous equations we assume the following
ansatz for the components of hµν :
h00 = d3θ
0ρθ 0ρ r
2 + d4θ
0mθ0nxmxn + d5θ
αβθαβr
2,
hij = d1θ
iρθ jρ r
2 + d2θ
imθjnxmxn + d6δ
ijθαβθαβr
2 + d7θ
αβθαβx
ixj
+d9(θ
iρθ nρ x
nxj + θjρθ nρ x
nxi) + d8θ
iρθ lρ x
nxlδij ,
h0i = d10θ
0ρθ iρ r
2 + d11θ
0mθinxmxn + d12θ
0lθ nl x
ixl , (5.7)
where r2 =
∑3
i=1 x
ixi and d1, . . . , d12 are arbitrary constants to be determined from
equations (5.4-5.6). Inserting this ansatz into equations (5.4-5.6) leads to the following
set of algebraic equations:
d1 − d9 + d8 + 6d6 − 3d7 = 33
8l6
,
4(d1 − d9 + d8) + 3d2 + 12d6 − 6d7 = 11
4l6
,
d1 − d9 + d8 + 3d2 = − 11
2l6
,
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d1 − d9 + d8 + d4 = − 11
2l6
,
d1 − d9 + d8 + 8d6 − 4d7 + 4d5 − 2d3 − d4 = 11
2l6
,
d1 − d9 + d8 + 4d6 − 2d7 + 2d5 = 0,
4d10 + 3d11 − 2d12 = −11
l6
. (5.8)
To start with, let us assume that both θ0i and θij are different from zero, θ0i 6= 0 and
θij 6= 0. Then the solution of the previous set of equations is:
d2 = − 11
6l6
, d4 = − 11
2l6
, d5 = − 11
8l6
, d3 = 0,
d1 − d9 + d8 = 0, (5.9)
d10 = − 11
4l6
− 3d11
4
+
d12
2
, d7 = 2d6 − 11
8l6
.
From (5.9) it follows that some constants will remain undetermined. The presence of
undetermined constants suggests the existence of some residual symmetry. A detailed
analysis of this residual symmetry we postpone for future work. In this paper we fix
the undetermined constants in the following way: d1 = d9 = d8 = 0, d10 = −d12 = 0
and d6 = −d7. Finally, the components of metric tensor follow:
g00 = 1− 11
2l6
θ0mθ0nxmxn − 11
8l6
θαβθαβr
2,
g0i = − 11
3l6
θ0mθinxmxn,
gij = −δij − 11
6l6
θimθjnxmxn +
11
24l6
δijθαβθαβr
2 − 11
24l6
θαβθαβx
ixj . (5.10)
From the equation (4.8) it follows that the scalar curvature of the NC Minkowski
space-time2 is given by
R = −11
l6
θαβθγδηαγηβδ = const. (5.11)
This shows that the noncommutativity induces curvature. The sign of the scalar curva-
ture will depend on the particular values of the parameter θαβ. For example, if θij = 0
and θ0i 6= 0 then the scalar curvature R is positive. On the other hand, if θij 6= 0 and
θ0i = 0 then the scalar curvature R is negative. The induced curvature is very small,
being quadratic in θαβ and it will be difficult to measure it. However, qualitatively we
showed that noncommutativity is a source of curvature, just like matter fields or the
cosmological constant.
2Note that this result is unique and it does not depend neither on the way we choose the ansatz for
solving the equation (4.8) in the case of Minkowski space-time not on the way we fix the undetermined
constants.
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The Reimann tensor for this solution can be calculated easily. A very interesting (and
unexpected) observation follows: knowing the components of the Riemann tensor, the
components of the metric tensor can be written as
g00 = 1−R0m0nxmxn,
g0i = −2
3
R0minx
mxn,
gij = −δij − 1
3
Rimjnx
mxn. (5.12)
This shows that the coordinates xµ we started with, are Fermi normal coordinates.
These coordinates are inertial coordinates of a local observer moving along a geodesic.
The time coordinate x0 is just the proper time of the observer moving along the
geodesic. The space coordinates xi are defined as afine parameters along the geodesics
in the hypersurface orthogonal the actual geodesic of the observer. Unlike Riemann
normal coordinates which can be constructed in a small neighborhood of a point,
Fermi normal coordinates can be constructed in a small neighborhood of a geodesic,
that is inside a small cylinder surrounding the geodesic [20]. Along the geodesic these
coordinates are inertial, that is
gµν |geod. = ηµν , ∂ρgµν |geod. = 0 . (5.13)
The measurements performed by the local observer moving along the geodesic are
described in the Fermi normal coordinates. Especially, she/he is the one that mea-
sures θαβ to be constant! In any other reference frame (any other coordinate system)
observers will measure θαβ different from constant.
6 Conclusions
In this paper we constructed a NC gravity model based on the SO(2, 3)⋆ gauge sym-
metry. We used the ⋆-product and the enveloping algebra approach and the SW map.
An effective NC gravity action was constructed using the expansion in the small NC
parameter θαβ. The zeroth order of the action is the commutative action (2.20). The
first order correction vanishes. The second order correction is calculated; the calcula-
tion and the result are long and cumbersome. Therefore, we chose to analyze the model
sector by sector. In this paper we were interested in the low energy sector, presumable
describing physics at low curvatures. In that case the action is given by (4.2). The
equations of motion show that, just like ordinary matter, noncommutativity plays a
role of a source for curvature and/or torsion. More explicitly, in the example of NC
Minkowski space time, we explicitly calculated the curvature induced by noncommu-
tativity and showed that in the presence of noncommutativity Minkowski space-time
becomes curved with a constant scalar curvature.
In addition we gain a better understanding of the diffeomorphisim symmetry break-
ing problem in the θ-constant NC space-time. Namely, the θ-constant deformation is
naturally defined for an inertial observer. Therefore, it is not possible to apply the
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θ-constant deformation for GR solutions in arbitrary coordinates. With this obser-
vation we now understand the breaking of diffeomorphism symmetry in the following
way: there is a preferred reference system defined by the Fermi normal coordinates
and the NC parameter θαβ is constant in that particular reference system. In an
arbitrary reference system the NC deformation is obtained by an appropriate coor-
dinate transformation. We conclude that the constant NC deformation is consistent
only with the reference system given by the Fermi normal coordinates. In our future
work we plan to investigate other solutions of our NC gravity model, such as the NC
Schwartzschild solution and cosmological solutions. Especially, we are interested in the
role of Fermi normal coordinates in these solutions and in this way we hope to gain a
better understanding of NC gravity. Also, using the advantage of the NC gauge theory
approach we plan to include matter fields in our analysis and see the consequences of
the noncommutativity on the matter part of the gravity action.
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A Notation
• Metric conventions
We use the ”mostly minus” or West Cost metric convention. The Minkowski
metric is then
ds2 = dt2 − dx2 − dy2 − dz2. (A.1)
The Reimann tensor is defined as:
R ρµν λ = R
ab
µν e
ρ
aeλb = ∂µΓ
ρ
νλ − ∂νΓρµλ + ΓρµκΓκνλ − ΓρνκΓκµλ. (A.2)
Ricci tensor is defined as the following contraction of the Riemann tensor
Rνλ = R
µ
µν λ. (A.3)
Then the scalar curvature follows as:
R = gµνRµν . (A.4)
Note that with these conventions the scalar curvature of the vacuum solution
with the positive cosmological constant (dS space) is negative, while the scalar
curvature of the vacuum solution with the negative cosmological solution (AdS
space) is positive.
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• AdS algebra and the γ-matrices
Algebra relations3:
{MAB ,ΓC} = iǫABCDEMDE ,
{MAB ,MCD} = i
2
ǫABCDEΓ
E +
1
2
(ηACηBD − ηADηBC),
[MAB ,ΓC ] = i(ηBCΓA − ηACΓB),
Γ†A = −γ0ΓAγ0,
M †AB = γ0MABγ0. (A.5)
Identities with traces:
Tr(ΓAΓB) = 4ηAB ,
Tr(ΓA) = Tr(ΓAΓBΓC) = 0,
Tr(ΓAΓBΓCΓD) = 4(ηABηCD − ηACηBD + ηADηCB),
Tr(ΓAΓBΓCΓDΓE) = −4iǫABCDE
Tr(MABMCDΓE) = iǫABCDE ,
Tr(MABMCD) = −ηADηCB + ηACηBD. (A.6)
B Expanding actions: useful formulae
• Some results used in calcualtions of S(1)iNC with i = 1, 2, 3:
(φˆ ⋆ Fˆµν)
(1) = −1
4
θαβ{ωα, (∂β +Dβ)(φFµν)}
+
i
2
θαβDαφDβFµν +
1
2
θαβφ{Fµα, Fνβ}, (B.1)
(Dˆρφˆ ⋆ Dˆσφˆ)
(1) = −1
4
θωβ{Aα, (∂β +Dβ)(DρφDσφ)}
+
i
2
θαβ(DαDρφ)(DβDσφ) +
1
2
θαβ{Fαρ,Dβφ}Dσφ
+
1
2
θαβDρφ{Fασ ,Dβφ}. (B.2)
Under the intergal, using the partial integration, terms of the form {Aα, (∂β +
Dβ)Y }, where the field Y transforms in the adjoint representation δǫY = i[ǫ, Y ]
can be covariantized:∫
d4x θαβTr({Aα, (∂β +Dβ)Y }) =
∫
d4x θαβTr({Fαβ , Y }). (B.3)
3ǫ01235 = +1, ǫ0123 = 1
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• Some results used in calculations of S(2)iNC :
((DˆαDρφˆ) ⋆ (DˆβDˆσφˆ))
(1) = −1
4
θγδ{ωγ , (∂δ +Dδ)((DαDρφ)(DβDσφ))}
+
i
2
θγδDγ(DαDρφ)Dδ(DβDσφ)
+
1
2
θγδ{Fγα, (DδDρφ)}DβDσφ
+
1
2
θγδDα({Fγρ,Dδφ})(DβDσφ)
+
1
2
θγδ(DαDρφ){Fγβ , (DδDσφ)}
+
1
2
θγδ(DαDρφ)Dβ({Fγσ ,Dδφ}), (B.4)
(Dˆρφˆ ⋆ Dˆσφˆ ⋆ φˆ)
(1) = −1
4
θαβ{ωα,Dβ(DρφDσφφ)} (B.5)
+
i
2
θαβDα(DρφDσφ)Dβφ+
1
2
θαβDρφ{Fασ ,Dβφ}φ
+
1
2
θαβ{Fαρ,Dβφ}+ i
2
θαβ(DαDρφ)(DβDνφ)φ.
The product of (B.1) and (B.4) in the first order is given by(
φˆ ⋆ Fˆµν ⋆ (DˆαDˆρφˆ) ⋆ (DˆβDˆσφˆ)
)(1)
=
(
φˆ ⋆ Fˆµν
)(1)
(DαDρφ)(DβDσφ)
+φFµνφ
(
(DˆαDρφˆ) ⋆ (DˆβDˆσφˆ)
)(1)
+
i
2
θγδ∂γ(φFµν)∂δ(DαDρφDβDσφ)
= −1
4
θγδ{ωγ , (∂δ +Dδ)(φFµνDαDρφDβDσφ)}
+
i
2
θγδDγ(φFµν)Dδ(DαDρφDβDσφ)
+(
i
2
DγφDδFµν +
1
2
φ{Fµγ , Fνδ})(DαDρφ)(DβDσφ)
+φFµν(
i
2
Dγ(DαDρφ)Dδ(DβDσφ) +
1
2
{Fγα, (DδDρφ)}(DβDσφ)
+
1
2
Dα({Fγρ,Dδφ})(DβDσφ) + 1
2
(DαDρφ){Fγβ , (DδDσφ)}
+
1
2
(DαDρφ)Dβ({Fγσ ,Dδφ}))). (B.6)
The noncovariant term in (B.6) under the integral is rewritten using (B.3). Then
the fully covariant form of the expanded term (B.6) is obtained:(
φˆ ⋆ Fˆµν ⋆ (DˆαDˆρφˆ) ⋆ (DˆβDˆσφˆ)
)(1)
=
i
4
θαβθγδ
∫
d4x ǫµνρσTr
{
−1
4
{Fγδ , φFµν(DαDρφ)(DβDσφ)}+ i
2
Dγ(φFµν)Dδ((DαDρφ)(DβDσφ))
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+(
i
2
DγφDδFµν +
1
2
φ{Fµγ , Fνδ})(DαDρφ)(DβDσφ)
+φFµν(
i
2
Dγ(DαDρφ)Dδ(DβDσφ) +
1
2
{Fγα, (DδDρφ)}(DβDσφ) +
+
1
2
Dα({Fγρ,Dδφ})(DβDσφ) + 1
2
(DαDρφ){Fγβ , (DδDσφ)}
+
1
2
(DαDρφ)Dβ({Fγσ ,Dδφ}))
}
. (B.7)
The remaining terms in (3.19) are calculated following the same steps.
C Variation of the action SNC
Here we write some useful formulas for calculating equarions of motion:
δωR
ab
αβ = ∇αδωabβ −∇βδωabα , (C.1)
δeR
ab
αβ = 0, (C.2)
δωT
a
αβ = −eαbδωabβ + eβbδωabα , (C.3)
δeT
a
αβ = ∇αδeaβ −∇βδeaα, (C.4)
δee = ee
µ
aδe
a
µ, δegρσ = (δ
µ
ρ eσa + δ
µ
σeρa)δe
a
µ. (C.5)
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